ϩ . Nonadiabatic corrections to the Born-Oppenheimer approximation are introduced following models developed for diatomics which involve the use of isotopomer independent scaled vibrational reduced masses. It is shown that for triatomics this approach leads to an extra term in the nuclear motion Hamiltonian. Our final calculations reproduce the known spectroscopic data for H 3 ϩ and its isotopomers to within a few hundredths of a cm
I. INTRODUCTION

H 3
ϩ is a system of importance in cool hydrogen plasmas such as those that occur in a variety of astrophysical environments. The spectrum of H 3 ϩ has been extensively studied in both the laboratory and astrophysical environments, see reviews. [1] [2] [3] [4] [5] [6] In particular H 3 ϩ has recently been successful detected in the interstellar medium via its infrared absorption spectrum. 7 
ϩ is the electronically simplest polyatomic molecule and, therefore, has become a benchmark system for high accuracy studies. [8] [9] [10] [11] [12] By combining high accuracy BornOppenheimer ͑BO͒ electronic structure calculations 10 and ab initio estimates of the adiabatic correction to the BO approximation, ab initio spectra accurate to few tenths of a cm Ϫ1 have been achieved. 11, 12 Very recently Cencek and coworkers have performed a series of calculations giving a submicrohartree accuracy potential-energy surface for H 3 ϩ . 13, 14 These workers performed exceptionally high accuracy electronic structure calculations which they augmented with an electronic relativistic correction, calculated for the first time for H 3 ϩ , and mass-dependent adiabatic corrections to the Born-Oppenheimer ͑BO͒ approximation. 13 Fits to these surfaces used in nuclear motion calculations on H 3 ϩ and its isotopomers gave results which reproduced experiment within a ''few tenths of cm ,'' similar to the accuracy of previous studies. In this work we show that with careful use of the calculations of Cencek et al., plus allowance for the failure of the BO approximation, it is possible to obtain results which reproduce the experimental data for H 3 ϩ and its isotopomers to within a few hundredths of cm
Ϫ1
. Systematic studies of the effects of BO failure on the rotational and vibrational energy levels studies has been largely confined to diatomics. Since the classic paper of Kolos and Wolniewicz, 15 there have been a number of studies of non-BO effects on the rotation-vibration energy levels of diatomic systems. Of relevance to the present work are studies on the H 2 ϩ and H 2 systems a number of which [16] [17] [18] [19] [20] [21] [22] [23] are considered in some detail in the following subsection. One particular feature of these works, which we employ here, is that nonadiabatic effects can be modeled effectively using different masses for vibrational and rotational motion. We test this approach for the H 3 ϩ system and show that, in contrast to diatomics, the choice of different vibrational and rotational masses leads to an extra term in the nuclear motion Hamiltonian. Calculations using vibrational masses taken from diatomic studies 17, 22, 23 and this extra term in the Hamiltonian give excellent agreement with observations for all isotopomers of H 3 ϩ for which spectra have been recorded.
II. THEORY A. Diatomic molecules
Bunker and Moss 17 derived an effective vibrationrotation Hamiltonian for 1 ⌺ diatomic molecules which includes allowance nonadiabatic corrections to the BO approximation. Their Hamiltonian consists of three terms, the vibrational and rotational kinetic-energy operators, and the potential
where R is the bond length and N the rotational quantum number. W is the sum of the mass-independent BO potential plus relativistic correction and the mass-dependent adiabatic correction. W is scaled by ͑1ϩ␥͒ to allow for nonadiabatic effects. The main means by which nonadiabatic effects are accounted for is via the two effective reduced masses. V is the effective vibrational reduced mass and R is the effective rotational reduced mass.
Hamiltonian ͑1͒ was recently used by Moss 22 for H 2 ϩ and D 2 ϩ , and Moss and Jopling 23 for HD duced to high accuracy with a single set of isotopomer independent parameters. Both Bishop and Shih, 16 and Bunker et al. 18 used a Hamiltonian similar to Eq. ͑1͒ for H 2 and D 2 , again with satisfactory results. A feature of these studies is that the effective vibrational reduced mass, V , was found to differ significantly from that given by nuclear masses, whereas the effective rotational reduced mass, R , was found to be close to the nuclear reduced mass by Moss for the H 2 ϩ problem, and set equal to the nuclear mass in the studies of H 2 .
It should be emphasized that calculations mentioned above do not represent the best available for the hydrogenic diatomics: Moss and co-workers have performed a series ultra high accuracy studies on H 2 ϩ as a three-body problem, 21 and Schwartz and Le Roy 20 have conducted an elaborate, but still approximate, treatment of nonadiabatic effects in H 2 . However, it is beyond our present capabilities to perform calculations at this level for polyatomic systems.
B. Triatomic molecules
We wish to compute rotation-vibration spectra for H 3 ϩ to high accuracy. For this purpose we use the exact kineticenergy operator approach of Sutcliffe and Tennyson who derived a number of Hamiltonians in internal coordinates expressed in terms of two distances and an included angle. [24] [25] [26] In this work we use atom-diatom scattering or Jacobi coordinate in which r 1 represents the distance between two atoms, the ''diatom,'' and r 2 the distance from the center-ofmass of the diatom to the third atom. is the angle between r គ 1 and r គ 2 . Although it is not possible to represent the true symmetry of H 3 ϩ in these coordinates, they have been widely and successfully used for high-accuracy calculations on this system. 10, 11, 13, 14, 27 Following Sutcliffe and Tennyson, 24 the body-fixed Hamiltonian can be written
where V is the potential-energy surface, which is a function of internal coordinates only. In Jacobi coordinates, the vibrational kinetic-energy operator is
͑3͒
The vibration-rotation kinetic-energy operator, which is null when the rotational angular momentum, J, is zero, is
where ⌸ ␣ is an angular momentum operator depending only on the Euler angles. In Eq. ͑4͒ it has been assumed that the z axis is placed along r គ 2 . An embedding with the body-fixed z axis placed along r គ 1 is obtained by replacing 2 R with 1 R and r 2 with r 1 .
For Jacobi coordinates the reduced masses used in Eqs. ͑3͒ and ͑4͒ are given by
where m B and m C are the masses of the atoms comprising the diatom, and m A is the mass of the atom. In line with the diatomic Hamiltonian ͑1͒, the reduced masses have been labeled V or R according to whether they are involved in vibrational or rotational motion. The Hamiltonian ͑2͒ depends on the three internal coordinates and the three Euler angles, ͑␣,␤,␥͒, used to embed the axis system. The rotational motion of the system can be represented entirely in terms of Wigner rotation functions 
where the vibrational kinetic-energy operator and the potential do not depend on the Euler angles and are, therefore, not altered by the integration. The effective rotation-vibration operator is
͑7͒
where
In this form of K VR , it is clear that the term which depends on sin Ϫ2 is potentially singular at linear geometries, i.e., ϭ0 or . This singularity can be avoided by choice of angular basis functions: Associated Legendre polynomials, 29 ⌰ j,k ()ϭ͉ j,k͘, where k is explicitly coupled to the ͉J,M ,k͘ used above. 24 Multiply from left by ͗ jЈ,kЈ͉, from the right by ͉ j,k͘ and integrating over only gives a new effective, radial Hamiltonian:
Previous derivations of this effective radial Hamiltonian [24] [25] [26] have omitted the matrix element over sin Ϫ2 as, when i V ϭ i R , this part of the operator cancels between K V and
R , a new term has to be considered in the Hamiltonian which has the form
͑12͒
As i V is usually greater than i R , this extra term, which only occurs for JϾ0, is generally positive.
Matrix elements for the new operator have been included in both the program TRIATOM, 30 which works within a finite basis set representation, and DVR3D, 31 which employs as discrete variable representation ͑DVR͒. Within TRIATOM the extra matrix element ͗ jЈ,k͉sin Ϫ2 ͉j,k͘ is calculated using M-point Gaussian quadrature based on the zeros of the associated Legendre polynomials ⌰ Mk . Within DVR3D, the extra matrix elements implied by the new operator K NBO are simply computed with the quadrature approximation. 35 The angular integrals over sin Ϫ2 are singular for basis functions with kϭ0. However, in this case the matrix element is zero, so such problems are avoided.
III. CALCULATIONS
A. Effective potential-energy surfaces
As for previous studies of H 3 ϩ , 11, 12, 14 we write an effective potential-energy surface, W(R), as a function of internal coordinates, Q គ , for the ith isotopomer as
where V BO is the Born-Oppenheimer potential and V rel is the electronic relativistic correction. The mass-dependent terms in Eq. ͑13͒ are due to the adiabatic correction to the BO approximation. For H 3 ϩ and D 3 ϩ only the symmetric adiabatic correction, ⌬V ad S , is nonzero. The mass factor for this term is
For H 2 D ϩ and D 2 H ϩ there is also an asymmetric adiabatic correction, 12 ⌬V ad A , which has a mass factor
within a labeling scheme for which m B ϭm C . The surfaces V BO , V rel , ⌬V ad S , and ⌬V ad A used here are all parameterized using the ab initio data of Cencek et al. 13 Analytic fits to the data of Cencek et al. have already been presented by Jaquet et al., 14 however, as a cross check we have re-fitted the data.
Fits were performed using symmetry coordinates
where for displacement coordinates
and for Morse coordinates
͑18͒
In the above expressions R jk is the distance between atom j and atom k, R e is the equilibrium separation which was assumed to be 1.65a o and the Morse parameter ␤ was fixed at 1.3.
32
Previous experience 11, 12, 14, 27, 32 has suggested that the BO potential, which of course shows dissociative behavior, is best represented using Morse coordinates; whereas the adiabatic and relativistic corrections are essentially polynomial functions which are best represented using displacement coordinates. In fact only the S a coordinate is actually dissociative; tests showed that the best fits were obtained using Morse coordinates for S a in V BO and displacement coordinates in all other cases. The fits were performed using a function of the general form 33 The order of each fit, N, can be defined as the lowest number such that nϩmϩk is always less than or equal to N. However, we did not retain all terms in expansion ͑19͒ for a given N. Instead constants which were poorly determined or strongly correlated were removed from the fits; such constants are given as blank entries.
For V BO our tenth-order fit with 54 constants gives a standard deviation of 0.04 cm Ϫ1 compared with Jaquet et al. tenth-order fit which retained all 67 constants to fit 69 data points with a weighted standard deviation of 0.05 cm
Ϫ1
. Our fit to V rel 34 required 28 out of the 31 seventh-order constants and gave a standard deviation of effectively zero compared to the 0.19 cm Ϫ1 weighted standard deviation given by Jaquet et al. ninth-order fit. Our fit to ⌬V ad S used a full seventh-order fit and gave a mass-weighted standard deviation similar to that of Jaquet et al. full ninth-order fit.
The only fit which gave significantly different results from the work of Jaquet et al. was to ⌬V ad A . Our full sixthorder fit reproduces all 116 unique data points 36 with a massweighted standard deviation of 0.005 cm
. This fit used only half the number of constants used by Jaquet et al.
We believe our fits to be more compact and stable representations of the ab initio data of Cencek et al. However, calculations by us using Jaquet et al. best surfaces yielded results which differ by less than 0.01 cm Ϫ1 from ones obtained with our fits, which we use for all results presented below. This suggests that the results presented are not sensitive to these high accuracy fits. Conversely our nuclear motion calculations using Jaquet et al. surfaces, their model and masses gave good agreement with their results for H 3 ϩ but results for the mixed isotopomers which differed by as much as 0.2 cm
. This suggests that the results are sensitive to the details of the nuclear motion calculations.
B. Nuclear motion calculations
As we are aiming for high accuracy in our calculations, we took considerable care to check the convergence of our rotation-vibration calculations. Convergence checks were performed for all four of the H 3 ϩ isotopomers discussed below. The calculations, including those which include the extra term K NBO , were cross checked by using adapted versions of both the finite basis representation program suite TRIATOM 30 and the discrete variable representation program suite DVR3D. 31 The two approaches give very similar results as can be seen by comparing Tables II and III, which present results computed using TRIATOM, with our subsequent results which used DVR3D.
Our final nuclear motion calculations used DVR3D. Parameters for the Morse oscillatorlike functions, which determined the radial grids, are given in Table I . These differ somewhat from the parameters used by Jaquet et al. who used a set optimized some time ago by Miller and Tennyson. 37 The main difference is that for our set the values for e have been lowered to give a larger spread of radial grid points. Our DVR3D calculations used 21 grid points in r 2 , 20 in r 1 and 36 angular grid points based on the zeros of Gauss-͑associated͒ Legendre polynomials. For the vibrational step, a final Hamiltonian of dimension 2000 was used in all cases. For the rotational step a final Hamiltonian of dimension 350ϫ(Jϩ1) was used. Comparing with Jaquet et al., our vibrational calculations are somewhat larger but our rotational calculations are about 40% smaller. Tests suggested that our basis set is sufficient to converge all the energy levels considered to better than 0.005 cm
Ϫ1
. The aim of this work was to test a number of models for computing rotation-vibration spectra of H 3 ϩ and its isotopomers to accuracy well beyond that achievable within the BO approximation. The starting point for this was the BO potential energy, the electronic relativistic correction and the adiabatic correction surfaces fitted above.
There have been a number of studies exploring possible mass effects on the H 3 ϩ vibration-rotation spectrum, 14, 38 however, we adopted a somewhat different approach guided by the various diatomic studies discussed above. To model nonadiabatic effects we followed the recipe of Bunker and Moss 17 and used separate masses for vibrational and rotational motions.
The rotational reduced masses, i R , were fixed to the values given by nuclear masses. There are two reasons for this choice: First the diatomic studies on both H 2 ϩ22 and H 2 16,18 set the rotational reduced mass at or near this value, second rotational nonadiabatic effects in triatomics are known to be related to rotational g-factors, 39 and the rotational g-factors for H 3 ϩ are known to be particularly small. 40 We tested a number of possible vibrational reduced masses. In the end we used the hydrogenic vibrational reduced masses found optimal by Moss for H 2 ϩ22 and hence derived a deuterium vibrational reduced masses using the scaling relation of Bunker and Moss. 17 This yields m H ϭ1.007 537 2 u and m D ϭ2.013 814 0 u compared to values for the nuclear mass of m H ϭ1.007 276 47 u and m D ϭ2.013 553 2 u. 20 These values were used for all isotopomers. It is likely that even closer agreement with experiment could be obtained by adjusting these masses, but this was not attempted. ϩ is known to be particularly sensitive to non-BO effects. 42 The first column in each table shows the results obtained using only the Born-Oppenheimer ͑BO͒ potential-energy surface plus relativistic correction. This level of calculation shows errors of more than 1 cm
. The second column shows the effect of including the adiabatic correction to the BO approximation: This model, which is equivalent to the best ab initio one used by Jaquet et al., 14 gives errors of a few tenths of cm
. All calculations in the first two columns used nuclear masses.
In the third column of both tables we used the effective vibrational reduced masses discussed above. This results in a very significant improvement in the Jϭ0 calculations: The errors are reduced by almost an order of magnitude to hundredths of cm
. However, for the results including rotational excitation, Table III, the improvement is not so great. There is another notable difference between the results of column 2 and the results of column 3 in Table III : The residues for the BO, relativistic plus adiabatic correction calcu- , are systematic and smooth. Systematic and smooth residues are important as they can be accounted when using the results for spectroscopic assignments, 41 and indeed can be easily corrected by fitting to experimental data. Furthermore, these residues are pointers on how the ab initio model can be further improved. Clearly this extra term, while not large, is important.
By allowing for nonadiabatic effects via scaled vibrational masses and the extra term in the Hamiltonian we obtain results which approach spectroscopic accuracy for all isotopomers. The diatomic procedure proposed by Bunker and Moss 17 contained one further parameter, ␥, which they used to scale the potential. Moss' studies 22, 23 on the H 2 ϩ system found that values of ␥ about Ϫ0.5ϫ10 Ϫ5 was appropriate for this system. Tests on the H 3 ϩ system with ␥ set to this value showed that the scaling was too small to make a noticeable difference to the results. This line of work was, therefore, not pursued.
Tables IV compares our final results generated for H 2 D ϩ with experimental data 44, 45 ; a corresponding comparison with experimental data 44, 46 for D 2 H ϩ can be obtained from the EPAPS archive. 33 Table V presents some final results for  H 3 ϩ ; a fuller set of H 3 ϩ results have been placed in the EPAPS archive. 33 All calculations were performed using our best model which includes adiabatic effects, vibrational mass scaling and K NBO . These tables show that the excellent results obtained in our test calculations are generally true for the range of energy levels considered. Our final results have improved the accuracy of the ab initio predictions by an order of magnitude.
For the mixed isotopomers, for which only rather limited spectral information is available, we compare with all transition frequencies. These results show similar systematic deviations for a particular vibrational band to the ones noted above. These deviations are small, less than a tenth of wave number in all cases, but real. At this stage it is not possible to say for certain whether they arise from small, residual errors in the BO or adiabatic surfaces or from the approximate way we correct the BO approximation. However, it should be noted that the largest systematic errors are for transitions involving the 2 and 3 states. These are known from previous studies 12, 27, 42 to be the states most sensitive to non-BO effects. The influence of the adiabatic correction to the BO approximation on the calculated energy levels appears insensitive to the level of theory used to calculate it. 13 It is, therefore, most likely that these residual problems are due to our relatively crude treatment of the vibrational nonadiabatic problem.
For H 3 ϩ there are too many assigned transitions for a compilation and instead Table V ϩ energies up to the region where assigning quantum number labels becomes arbitrary for this molecule. 43 The H 3 ϩ observations cover a much wider range of energies than for the mixed isotopomers; it is therefore, not surprising that there are cases where our calculations give larger residues. It is notable that our ab initio calculations reproduce the H 3 ϩ energy levels with a standard deviation very similar to that given by the fitted DPT surface and that levels which are relatively poorly reproduced in our present calculations are also those for which DPT gives poorer results. In particular this is true for levels of the 1 ϩ2 2 states which were originally assigned by Dinelli et al. 43 from the hot band data of Oka and co-workers. 47, 48 These findings are consistent with the assumption that the main residual problem with our calculations is the treatment of the nonadiabatic correction to the BO approximation which, of course, cannot be properly modeled using a single potential-energy function.
We suspect, given the excellence of the ab initio electronic structure data that these calculations are based on, it would be difficult to greatly improve on these results ab initio without using a significantly more complicated model for the nonadiabatic effects. Besides BO breakdown there are other terms which might be important at the sub 0.1 cm Ϫ1 . This is probably too small to worry about in the context of H 3 ϩ . It is unlikely that the small errors given by our present comparisons will extend to studies involving either more highly excited vibrational states or high rotational states. Moss and Bunker 17 show that scaling the vibrational mass accounts for some vibrational nonadiabatic effects, but suggest that the scaling should itself be a function of R. Such an approach can be identified in the very detailed calculations performed by Schwartz and Le Roy, 20 who used five parameters to represent the vibrational reduced mass for each isotopomer of hydrogen. It would be surprising if the use of a constant scaled vibrational mass would give good results for highly excited vibrational states which sample a large range of coordinate values.
Our calculations do not include any allowance for nonadiabatic effects in the rotational motion. As argued above, there are reasons for suspecting that such effects might be relatively small in H 3 ϩ , nonetheless inspection of the errors shown in our calculations suggest some systematic variations with J. We will study higher J states and associated nonadiabatic effects in a future work.
IV. CONCLUSIONS
We have performed first principles rotation-vibration calculations on H 3 ϩ and its isotopomers. These calculations used the very high accuracy electronic structure calculations data of Cencek et al.; 13 the accuracy of our results is a testimony to the accuracy of these electronic structure calculations.
Using Cencek et al. data we have been able to test various levels of approximation for computing vibrationrotation spectra. As was known previously, 11 calculations performed entirely with the BO approximation give frequencies 1 cm Ϫ1 or more in error for the H 3 ϩ system. Inclusion of the adiabatic correction to the Born-Oppenheimer ͑BO͒ approximation, sometimes also known as the BO diagonal correction, reduces the errors to a few tenths of cm
Ϫ1
. 11, 12, 14 Modeling nonadiabatic corrections to the BO approximation by using different reduced masses for vibrational and rotational motion reduces these errors still further: To a few hundredths of cm
. However, using different vibrational and rotational masses also introduces an extra term into the Hamiltonian used here. This term, and similar ones we would expect to arise in other internal coordinate bent molecule Hamiltonians, is found to be important for obtaining accurate results for rotationally excited molecules. Altogether we have achieved near spectroscopic accuracy from first principles for this important benchmark system.
